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By Pail Shih-I
SUMMARY

The turbulent air flow between rotating coaxial cyl-
indsers was investigated. The distributions of mean speed
and of turbulence were measured in the gap between a rotat-
ing inner and a stationary outer cylinder.

The measurements led to the conclusion that the tur-
bulent flow in the gap cannot be considered two-dimensional
but that a peculiar type of secondary motion takes vlace.
It is shown that the ezperimentally found velocity distri-
bution can be fully understood under the assumntion that
this secondary motion consists of three~dimensional ring-
shape vortices. The vortices occur only in pairs and
thelr number and size depend on tue speed of the rotating
cylinder; the number was found to decrease with increasing
speed. The secondary motion hes an essential part in the
transmigsion of the moment of momentum. In regions where
the secoandary motion is negilgible, the momentum transfer
follows the lawg known for homologous turbulence.

Ring-ghaps vortices are known to occur in the laminar
flow between rotating cylinders, but it was hitherto un-
known that they exist even at gpeeds which are several
hundred times the critical speed.

INTRODUCTIION

The flow tetween coaxial rotating cylinders is known
ag Couette's type of curved flow. Owiug to the importance
of this tyve of flow as a basic prodlenm in fluid dyanamics,
a number of investigationg have been carried out. The
exact velocity distribution in the turbulent stats, however,
is still unknown. The flow was investigated by G. I. Taylor
(references 1, 2, 3) as well as by others. (See, for exam-
vle, reference 4.) Taylor measured the velocity distribu-
tion between a rotating inner and a stationary outer cyl-
inder (reference $). He found the paradoxical result that
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both the circumferential velocity and the momernt of momen-
tum increase outward. This condition is azpparently con-
trary to both of the alternative assumptions that the
moment of momentum or the vorticity is transferred by tur-
bulent diffusion. Taylor tried to explain this paradox

by the shadow effect of the tube that was used for measur-
ing the totel-pressure distribution in the gap. He varied
the dimensions of the instrument aund concluded, ty extrapo-
lation to zero diameter of the pressure tute, that the true
velocity distridbutior in the gap corresponded to a constant
value of the moment of momenturm, that is, to a constant
value. of .the produc¢t Ur ‘where U is the mean circumfer-
ential velocity and 71 is the distence frow the axis of
the . ¢cylinders. L : ——

In order to investigate the validity of Taylor's
"extrapolation, Dr. von Kdrmdn suggested the use of hot-
wire anemometers for the messurement of the velocity dis-
tridution. A spec¢ial messuring device was designed to
reduce the shadow effect to 2 negligidble amount. The
inner cylinder was rotated and the outer one held station-
ary. The opersting speeds weére several hundred tlmes the
critical speed as givet by T?";or (refurence 1))

The suthor wishes to express his th anks for th¢ heln
received from the GALCIT staff, varticularly to Dr. von
Kérmén for nis inspiration snd guidence, to Dr. €. B, Milliken
for his interest and sévice, and to Nr. Carl Thiele for his
help and . suggestiong regarding evparatus. The section of the
paper on theoreticel discussion wess contributed by Dr. von
Kérmdn. This investigation, conducteéd at the California
Institute of Technology, was sponsored by 'and conducted with
the financiel assistance of the hatlonal Advxsorv Commlttee
for Aeronautics. ‘ - C
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N number bf revolutions of rotating cylinder
g moment per unit length of rotating cylinder
T 7 sﬁearing stress . |

o} - 'density

v kinematic . vigecosity

U mean circﬁmferential velocity

u,v circumferential- and radial-velocity comconents,
respectively, of secondary flow

u',v! circumferential and radial components, respectively,
of turbulent fluctuztions

DESCRIPTICN OF APPARATUS

The main part of the asparatus counsisted of two co-
axial cylinders mounted on a rigid frame made of steel
angle stock. The inner c¢cylinder was cast of aluminum
alloy, turned true to £0.002 inch and carefully balanced
to eliminate vidbration. 1Its outer diameter was 15% inches
and its length was 11 inches. The possibility of ecircula-
tion from the gap to the inside of the inner eylinder was
eliminated by sealing the inside of the cyiinder with
wocden plates and wax. .

Twmo sizes of outer cylinder were used; their inner
diameters were l3vmx and 17% inches, making gans of 17/32
inch and 1fg inches, respectively. The cylinders were
wooden witn l-inch walls. At the bottom of the outer cyl-
inder a series of 4/4-inch holes were drilled around the
circumference. Two wooden rings with a2 width just slightly
less than the gap were attached to_the outer cylinder; one
ring was at the top edge and cne just 2tove the bottom
holes. The clearance bYetween the rlucs aad tke ianer cyl-
inder was sealed by felt,

The inner cylinder was turaed by a l/lO—horsepower
synchronous motor coupled rigidly to its shaft. The speed
of rotation of the c¢ylinder was measured by means of a
10-pole generator attached to the motor shaft. The out-
put of the generator was checksd against that of a cali-
brated oscillator by the Lissa] ou figures formed on a
cathode-ray oszcilloscope.
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A conventional hot-wire anemometer was used for the
meeasurement of the mean velocity and the root mean squere
of the fluctuations of the mesgnitude of the velocity. The
ratio between the root-mean-sguare of the fluctuation and
the mean velocity multiplied by 100 will be referred to as
the "percentage of turbulence." Yo ettempt was made to
determine the direction of the velocity.

The hot wire was inserted a2t the central part of the
outer cylinder by the holder shown in figure 1. Thke hot
wire was soldered across the small gaps and the small
spindles could be changed so as to measure a2t different
axiel positions. The spindles were far from the Lot wire
and the effect of thelr wzke was therefore negligible.
The spindles were mounted or 2 tlock that rested on =
slide so that the spindles could travel back and forth
with the bplock as a whole. The slide was moved by =
micrometer that indicated the position of the hot wire in
the space between the cylianders.

A series of static holes, 15 in number, were drilled
along an element of tlhe outer cylimder. These static
holes gave an indication of the flow pattern in the gap.
Figure 2 shows thne test sstup with the hot-wire holder
inserted in the center of the outer cylinder. The syn-
chronous motor and the specd iIndicstor are beneath the
cylinder. The multiple stopcock on the stool permitted
any desired static orifice to ve connected to a manometer.

The front part of the hot-wire holder was made of
hard rubter. In order to obtein a good fit Detween the
hot-wire holder and the cylinder, a bPrass slot was made
ard set intio the wall of the outer cylinder. The inside
of the outer cylinder, the bPrass slot, and the hard rubber
holder were turned es 2 unit =nd mainted simultsneously.
The three pieces formed & smooth cylindrical surface.

TEEORETICAL DISCUSSION

Two cifferent theories have beer provosed for the
corputation of the velcocity distridution in turbulent flow:

1. According to the momentum treansport theory orig-
inated by L. Prandtl, tiue shearing stress T 1s given by
the expression,

k¥ 4 ;
T = = =—— (U ,
r dr (Tr)
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where k denotes the coefficient of turbulent exchange,
U is the circumferential velocity of the fluid, and r
is the distance from the cylinder axis.

In the case of the flow tetween a rotating inner and
a stationary outer cylinder, the moment of the shearing
stresses acting on an arbitrary cylindrical layer in the
fluid is egqual to the moment required to rotste the ianer
cylinder. The moment referred to unit length being denoted

by &, the equation takes the form
1r® = xr & (Ur) = -g (1)
. - d r -

It follows that the product Ur should decrease with
increasing r. ’

2. According to the'vortiCity;transDort tneory orig-
inated by G. I. Taylor, the vorticity transport through

any cylindrical surface is zero. Tuze mathematical expres-
sion for this statement is
d [ 1 d :
e Ur)]=0 (2)
dr r dr ( ‘ ' ‘

This equation is, for example, satisfied if Ur 1is con-

stant. Taylor concluded from his measurements that Ur
ig, in fact, constant in the central 80 vercent of the
gap. As mentioned before, this conclusion wes drswn from

a special extrapolation; the investigations nresented in
this paper were undertaken mainly to clarify this vpoint.

Preliminary measurements that are descrited in the
following section of this paper showed that the flow be-
tween the cylinders was not two-dimensional as assumed in
equations (1) and (2). The flow could be considered to
consist of three parts: 1. The two-dimensional mean mo-
tion having but one circumrereatial velociiy combonent;
2. A secoundary motion which accounts for the deviation
from the two-dimensional cass; and ¢. Turbdulent fluctua-
tions. General equilibrium conditions applied to this

case require that the traansfer of angular momentum through
& cylindrical surface of radiusg r equal the torgus, which
1s independent of r. Thus, if the stresses due to viscos-

ty are neglected,

1

]

) [+Eiad . . o
/‘/‘I‘g (U +u+ ') (v +,v')dz dA = constant (3)
o n
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where U 1is the mesn circumferential velocity; u and

v are the circumferential and radial components, respec-
tively, of the secondery motion (that is, the deviation
from the mean velocity); u' and v! are the components
of the turbulent fluctuations in circumferential and
radial direction; 1 is the length of the cylinder, and
r, 8 and 2z @are cylindricel coordinates.

If averages with respect to time and over .the length
cf the cylinder are made, it being assumed that the aver-
age values do not depend on 8, it follows from eguation
(3) that

re(E; + ulvt) = constant (4)

since Uv vanishes by averaging over the length of the
cylinder, because the continuity of the flow and the time
averages of wu' and v' are zero by definition. This
equation shows that the torque is transferred from one
cylinder to the other by two different mechanlsms: one,
secondary motion and, two, turbualent fluctuations. The
relative importance of these motions wes to te experimen-
tally determined. It is to be mnoted thet equetion (3) is
guite general and does not devend on eny assumption as to
the mechanism of the turbulert friction.

PRELIMINARY IRVESIIGATION

At first it was tunought thst the flow between the
cylinders would be two-dimenéional except near the ends..
kessurements were therefore mede at the exact center of
the cylinders where the flow would best espproximate the
two-dimeénsional typve. Two entirely distinct tyves of flow
were, however, obtained 2t the same position, depending om
the sterting conditions. The tynical sets of the velocity
ard the distritutions of the turbulsence level across the
gap for these two tynes of flow are shown in figures 3 to o.
For convenience, the tyoe of ’1ow shown in figures 3 and 5
will be called type A cnd that shown in figures 4 and 6
will bé called tvre ‘E.

The relation of these two trpes Qf'flow_fo the start-
ing conditions was as follows: '

‘If the inner cylinder wes started in such a manner
that its speed X3 increased gredually up to the desired
value and if the hot-wire spindles were close to the inner

1y
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cylinder, type A flow was obtaired. Once either type of
flow was established it seemed unaffected by sgiight changes
in speed of rotation. -

Furthermore, at high speeds it.was found that in the
middle of the run the tyme A flow might suddenly change to
the tyve B flow. This change is illustrated in figure 7.
At first the cylinders were started in such a way that the
type A flow was obtained, and readings were taken outward.
Trhese readings followed the upper full-line curve 2s shown
in figure 7. At a certain point near the outer wall, the
mean speed suddenly drooped along tle dotted line 51d the
velocity distribution then became that sghowa in the lover
full-line curve, that is, type B fiow. Furthar traverslns
"had no effect on the flow pattern. When the 17/62 inch
gap was used, decreasing the speed of rotation of the in-
ner cylinder to a certain low value restored the tyrve A
flow. This phenomenon, however, did not occur for the 1}—-
inch gap. re

It wag believed that the presence of thae hot wire near
the inner or the outser éylinder couid have an essential in-
fluence on the velocity distritution, for example, by in-
creasing the thickness of the bvoundary layer. This possi-
bility was excluded by introducing a dunmy Lot wire at var-
ious positions. The next assumotion was that the flow pat-
“tern is three-dimensional; the transitions between the two
types of velocity distribution would be caused by changes
or displacements in the flow pattern. This assumotion was
confirmed by further experiments. . S

In order to investigate the .tlrce-dimensional charac-
ter of the flow in the gap between the cylinders, evealy
spaced pressure-measuring orifices were inserted on the
outer cyrlinder along the axial direction. The readings
at these orifices (fig. 8) showsd that the static pressure
vas not constant along the axial direction, as would have

©. been exvected in the case of two- dimensional-flow, but

ghowed systematlc variations.

.The end'condltions of the c¢cylinders were found to

have considerable iufluence on the static-pressure readings.
In order to eliminate the end effect as far as possible,
the "agpect ratio," that is, the length of the working
. section to the width of the. g%p, was increased from 10 to

20 by reducing the gap from ljg inches to 17/42 inch. The
sealg at the two ends of the gap were also redesizned to
make the end conditions as symmetrical as nossible. The
pressare and the velocity distributions obtained with the
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symmetrical seals were similar for the two aspect ratios,
and it is believed that the end effects were negligible at
the place where tnhe measurements were taken.

Thus, .the measurements of the statlic pressure indicate
without doubt the three-dimensiomnal character of the flow.
In order to determine the flow pattern, 1t became necessary
- to measure the velocity distribution in various sectiouns
perpendicular to the axis. These measurements are describted
in the next section. S '

VELOCITY AND TURBULEFCE DISTRIBUTICNS ALONG THE

AXIAL DIRECTION OF THEZ CYLINDERS

Since the flow pattern could be changed by the start-
ing conditions, care had to te exercised that the static-
pressure distridbution along tkhe exial direction was kept
the same for all the runs 2t any given speed. MNeasurements
were taken at seven axial stations at tle central vortion
of the cylinders. The distence between two adjoining sta-
tions was 1/2 inch. These stations were numtered from 1
to 7, thé number increasing toward the tottom of the cyl-
inders. The actual positions of these stations are marked
by the arrows in the static-pressure diasgrams, on the right
of the corregponding results. ' .-

A typical set of results, corresponding to =a rota-
tional speed of the inner cylinder egual to 1200 rpm will
be aralyzed in detail. ’ ’

The mean-velocity distributions for this case are
shown in figure 9. It is seen that both types of flow
obtained in the preliminery investigations existed simul-
teneously for-the same flow pattern but st different axial
positions. The mean-velocity distribution gradually changes
from one type to the other. - For instance, at station 1 the
distribpution is tyve B; at statioms 2 and 3, it 1s type Aj
at station 4, it is an intermediate type, and it may bde
called "Ap; at 'stations 5 and 6, it is tyve B; while at
station 7, the intermedimste stage is sgain obteained.

Tizure 10 was obtmined by plotting one of the distri-
‘butions of tvpe A, say at station 2, and one of tyne B,
say at station 6, on a semilogarithmic scale. It is seen
from these curves that, for flow of type 4, the velocity

I
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" distridution near the iunner wall is logarithmic, that is,
the velocity defect 1is proportional to the logarithm of
the distance from the wall (refereuce 5); whereas, for

" type 3, the velocity distribution near the outer wall is
logarithmic. If the typical velocity distridutions obtezined
in the preliminary investigations are plotted in the sane
manner, the results are similar. It has been shown by Dr.
von EKarman (reference 5) that for Coustte's flow the mean-
velocity distribution is logarithmic if homologous turbu-
lence 1is assumed. It may be stated that, at the »nlace
where the velocity distribution is logarithmic, the trans-
fer of shearing stress from one cylinder t6 the other is
mainly due to turbulent fluctuations.

Since the gap 1s small in comparisor with the radii of
both cylinders, ag a first 2poroximation, eguation (4)
8lves )

_._.._..—.

wv +ulvl = constant (5)

At the place where the influence of the secondary motion,
that is, the term of UV, is negligible, eguation (5)

'becomeS" o
utvTl = constant - (5)

The same conditlon ig valid for flow betwaen two parallel
plates moving with different veloc1+ies., -

At the nlace where the 1n’1uence of turbulent fluc—
tuations is small, equation (5) becomes

—

Suv = constant ' - (7)

No. attemnt wasg made to nmeasure. tne radial velocity v of
the secondary motion. Some. conclusions as to the distri-
-dution of v -alon~ the axial direction can be drawn, hovw-
ever, from equatlon (7) after the distribution of wu - isg
~examined, that ig, ﬁhe_deviat;on of the circumferential
velocity from the average taken over the axisl length.

: First taze tne average of tue mean-vel ocity curves
of the seven stations. This average mean-velocity dis-
tricutlon is plotted as a dotted curve for co: mparison with
the ﬂurves of imean-veloclty distribution of figure 9. The
deviation u from the average distribution at various
axial positionsg ig shown in figure 1l1l. -
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_ It is seen from eguation {(7) that, if = changes
‘si'n along the axis of the cylinder, v must also change

sign since the product is =2 constant. But from figure 10
it is seen that, for flow of type 4, u 1is positive and
thet, for tyce E, u is negative. Hence, it can be con-

cluded that the radial comvponent :v of the velocity of
the secondary motion changes its direction with the type
of flow. At stations where the velocity-distribution
¢urve shows tyvpe 4, the radiasl velocity is directed out-
ward; while at stations where the velocity distribution
is of type B, the radisl velocity is directed inward.

RING- SEAPE VORTICES

It seems, therefore, that ring-shape vortices which
are known to introduce the instability of the flow in
rotating cylinders still exist 2t Reymolds numbers as high
gs several hundred times the critical Reynolds number. In
order to give a satisfactory exvlanetion of the experimental
results, these ring-shamne vortices must be assumed to De
distorted end arranged as snowrn in figvre 12. (Cf. refer-
ence 1 in which Taylor's originel concevption of the vor-
tices is given.) The fluid slong the walls diverges from
station 3 and from a point thet lies somewhat beyond station
7. It has been found that the pressure has veaks at these
points. The static pressure drops in the neighborhood of
stations & and 7 rather rapidly, and over the mean portion
of the interval between the two meaks the static pressure
is more or less corstant. Near the walls, the fluid flows
in the direction of decreasing vressure; Where the pressure
is constant, there is mractically no flow in the axiel
direction. This result is consistent with the suggested
distridbution of the vortices. Opposite stations 2 and 3
near the inner cylinder there is a purely turtulent domailn.
In this turbulent domein, the velocity cdistribution is
expected to be logerithmic; this expectetion has been found
to be correct. At stations 5 and o, where the velocity
distribution is of type B, there is a vurely turbulent
domain near the outer cylinder wall. At stetions 4 and 7,
the intermediate stege will te ottained tecause the influ-
ence o0f the secondasry motion and that of the turbulent
fluctuationg are of the same order of magnitude.

Very close to the walls, the shear should be mainly

determined by pure viscosity. 1In order to transmit the
seme amount of shear as exists in the central portion of

I
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ths gap, the slope of the velocity curve near the walls
must be very large.’ 'In all the wvelocity curves obtained,
thig result is trus. : '

Toe distributions of u', the circumferential turbu-
lent fluctuations, are shown in figure 13. It is interest-
ing to note that the curvature of the distribution curves
for w and u' are opposite for any given axial position.

In order to find the influence of the speed of rota-
tion on the vortices, measurements at a fixed axial posi-
tion but with different rotation speed were made. The
results are plotted in figure 14. At the low speed of 12C0
rpm, the curve shown as diagram 1 of figure 14 was obtained.
It shows esgentially a flow of type A.- The speed was then
increased to 1500 and 1800 rpm. The results are given in
diagrams 2 and 3, respectively. The distribution of the
static pregsure as well as the distributioan of the mean
velocity are more or less siamilsar to those of diegrsm 1.
Finally the speed was increased to, 2100 rpm. The distri-
butions of the static pressure and of the mean velocity
were suddenly changed, as siown in diasgram 4. The pressure
peak that existed in the three vreceding c¢ases at the mid-
point, where the measurements were taken, disappeared, and
thug the mean-velocity distritution at this point became
of type B. When the speed wag reduced to 1800 and 1500 rpm,
diagrams 5 and 6 were obtained. They are similar to diagram
4, which shows that the new flow pattern, once estatlished,
continued after a considerable reduction of the speed. As
the speed of rotation was reduced to 1200 rpm, however, the
original flow pattern returned, as shown in diagram 7.

At lower speed there gseemed to be a certain statvle
configuration involving a definite size and number of the
vortices. As the speed was increased, a critical value
was reached at which the vortices increased in size and
. decreased in mumber. Since the vortices can exist only in
pairs, because the total circulation must be zero, a vair
of vortices must disapnear gt a certsia critical speed as
the speed increases and reappear at some critical speed as
‘the speed decreases. It .seems tlhat tluese tvo critical
speeds are not identical. . Thaig mechanism fully explains
the sudden changes of the flow encountered in the prelimi-
nary ianvestigations. The effect of the position of the
soindles provably consists of the delaying of the change
in the number of vortices. When the spindles were situated
in a purely turbulent domain, however, their influences
were eliminated. This result is consistent with the ex-
perimental results. =~ o
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Only two stable vortex-s:stem configurations were
observed. One consisted of six vortices and the other of
four vortices. The one that prevailed at the lower speed
is called the small-vortex systen and thet existing at
high speed, the large-vortex system. TFor the l7/dd inch
gap the upper critical speed of the small-vortex system
was found at 1800 rpm or higher. [Eence, the upper limit:
of the criticael Reynolds nuzber for the existence of the
small-vortex system is about 200 times the critiecal
Reynolds ‘number for the instability of the laminar flow. -
Beyond this lizit only the large- vortex system can exist. .
The lower 1imit of the critical Reynolds number for the
large-vortex system, that is, at 1200 rpm or lower, is .
about 100 timeg that of the critical Reynolds number for
the instability of the laminar flow. Below this limit
only the small-vortex system can exist. Taere 1s 8 range
in which both tybes of the flow patteru cesn exist, and the
starting conditions determine which pattern prevails in &
particular case. TFor the l:s—1ncn gap the lowest operat-
ing Reynolds number was about 175 times that of the criti-
cal Reynolds number and =a cuan:e,coald be made from the
large-vortex system to tie smail-vortex systenm 1f the
large-vortex system was once estatlished.

' ESTIYATE OF SEEARIFG STRESSES

The shearing stress can be estimeted from the loga-
rithmic veloclty profile by asssuming that the relationms
obtained for perallel flow are also valid in this case.
By the well- znown unlversal veloc1tv distribution near
the wall, : :

U

2.5 JT?75T logey + constant

5.75—/T?737A10g:xg + constant (10)

it

ctr U

where U is the local velocity, y is the distance from
the wall, and T ig the sheariang stress. If the slope S
of the straight portion of the ve1001ty distribution curve
plotted on semilogarithmic psper (fig. 10) is assumed to
be equal to 5.75 J/TT/p 7, : -

/o = & /43 ' - (11)
‘It 1s interesting to compare the sheariug stress thus

obtained with the velues obteined by G. I. Taylor by means
of torgue measurement. (See reference 2.) Taylor plotted
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log,0(T/p %) against logy,(Ut/v) for various values of
t/R,, where T 1is the shearing stress on tlLe outer cyl-
inder, U = 2 7 NR;, N 1is tae speed of rotation of tle
cylinder, R; 1ig the radius of the outer cylinder, and

t is the gap distance between the two cylinders. It ig
correct to use the B-type velocity distribution for the
comparison with Taylor's results because, in this case,
the velocity profile is logarithmic near . the outer cyl-
inder wall. It is found that the difference of the shear-
ing stress calculated from both walls is small, the shear-
ing stress at the inner cyliandsr - -veing 4 little l=2rger
than that at the outer cylinder. Tuis result is to De
expected.  Figure 15 shows the couprrison of tie resultis.
The full-line curve 1s an average curve obtained from
Taylor's curves for t/Ri = ¢.0555 »nd 0.0775. Hence,

it may be stated that this curve corresnonds =2vproximately
to t/R .= O 0666. This value commares with the curve-
obtained in the present ilavestigation for t/R —:0.0665.
In addition, Taylor's curve for t/R1 = 0.11456 is com-
pared with the present result for t/l_{l = 0.1190. It is

. geen that, for the large gavn, the result of the present
measurements checks Taylor's, curve very well; whereas,

for the small gap, the present results are aigher than
thosé obtained by Taylor. .The gener=l_ tendency that the
coefficient. of friction decreases with increasing value

of t/R is found to be true.

CONCLUDING REMARKS

The turbulent flow between two c¢oaxizal cylinders is
accompanied by a peculiar tyve of secondary motion that
affectg the transfer of momantum. The secondary flow can.
be described by asgsuming pairs of ring-ghape vortices be-
tween the cylinders. The size aud the number of the vor-
tices depend on the speed of the inner rotating cylinder,
the number tending to decrease with increasing speed. At
‘certain critical speeds the flow pnattern may suddenly
change owing to the logs or the gain of a pair of vortices.
There exist in the gap certain regions wiere the velocity
distribution is governed mainly by this secondary flow and
other rezions where the turbulent fluctuations are prede-
determinant. In the regiong in which the fluctuations are
predeterminant, the velocity distribution is of the loga-
rithmic type in agreemsnt with the theory of homologous
turdbulence. ’ ) '
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